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FINAL VERSION

1 2.14

Part A: Let X be a continuous, nonnegative random variable [f(z) = 0 for x < 0]. Show that
EX = [[°[1 — Fx(2)]dx

where Fx(x) is the cdf of X.

Answer:

EX = [%_afx(x)dx = [J° xfx(z)dz, because f(x) =0 for x < 0.

Solving %Fx(zﬂ) = fo(z) for fx(x)dx yeilds d[Fx(x)] and EX = [[* x * d[Fx(z)].

After integrating by parts (u = x,du = dx,v = Fx(x),dv = dFx(z)) and inserting some convenient
terms:

EX = 2Fx(z)|§° — [y° Fx(z)de + x| — |

EX = [—z(1 - Fx ()| + [y~ (dz) — [;° Fx(x)dz.

Which when evaluated, and simplified, yeilds:

EX =0—-0+ [,°(dz) — Fx(z)dz = [;°[1 — Fx(x)]dx the expression of interest.

Part B: Let X be a discrete random variable whose range is the nonnegative integers. Show that
EX =3 °[1 — Fx(z)|dx

where Fx (k) = P(X < k). Compare this with part (a).

Answer:

EX =% craxfx(@) =2z fx(x) =22+ P(X =2x)

EX =Y "z« (Fx(z) — Fx(x — 1)) based on the properties of cdf’s.

Inserting some convenient terms:

EX =Yz ((Fx(z))—Fx(x—1)+1-1)

And rearranging the expression:

EX = Y o % (—(1 = Fx(2)) + (1= Fx(w = 1)) = Yo« (1 - Fx(z — 1) — (1 - Fx())
The summand term for x = 0 is 0 so, splitting the summation:

EX = 502, 2(1 - Fx(x — 1)) = X320 2(1 — Fx(2)

Reindexing:

EX = Y2 (0 + 1)(1 — Fx () — X2 g2(1 - Fx ()

~EX = YL - Fx(a)]

An intergral is a Summand taken over infinitely small intervals, and since 1-Fx(x) is monotonic, it
is intuitively clear that the limit of the summand would be an integral, linking parts A and B.
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Compute EX and VarX for each of the following probability distributions.

(a) fx(x) =ax®10<r<1,a>0

_ [o© a—1 ol ag._ ax®tl 1 _ sal®tl a0%tly 4
EX = ffoo rax dx = fO aztdr = a+1 |0 - ( a+1 a+1 ) — a+l

2 _ (oo .2 a-1q._ 1 _a+lg,.__ ax®t2 1 _ (alot2  q0%t2y g
EX? = [°) 2%ax*dz = [j ax®Tdr = 7 o= (%2 7 ) = otz

2
- VarX =EX? - (BX)? = 3% -

(b) fx(x) =1/n,x =1,2,...,n,n > 0 an integer
— 1 _ 1, 2 _ 142+4-4n _ n(ntl) _ (n4l)
EX—Z” =4+ £ 4... 42 = n _ nn — n2 )

i=1'% n n n n 2n

n n 6n

2 _ 21 _ 12 | 22 2 124224402 _ n(n+)(n4+2) _ (n+1)(n+2)
EX —Zn F+W++n_ n? _ n(n n _(n 6n )

i:lZ n

- VarX —EX2 — (EX)? = () (bl _ i1 (ot (n—])

(¢) fx(z) =3z -1 0<z <2

EX = [ 2(3/2)(z — 1)%dz = (3/2) [y 2® — 22 + w da

EX = (3/2)(z"/4) [§ — (3/2)(22°/3) [§ + (3/2)(a?/2) § =6 -8+ 1=1.
Similarly, EX? = [*°_2%(3/2)(z — 1)%dz = (3/2) [} ® — 22% + 2 du
EX? = (3/2)(z°/5) [§ — (3/2)(22"/4) [§ + (3/2)(2/3) [§ == 8/5.

. VarX =EX? — (EX)? =8/5-1>=3/5
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3 2.33a

Verify the expression given for the mgf and use the mgf to calculate EX and VarX.

(a) P(X = 2) = €22 My(t) =MD 2 =0,1,...; A > 0.
Answer:

Fact: For any A € R, 3.2° A% = ¢,

z=0 !

Mx(t) =Ee™ =37, cx 9(x) * P(X = 2) = 37 €' % e 2N

x!

Mx(t) =e M3 (et’\,)ﬁ =e Axe M =MD ¢ e —00,00) so mgf exists.
0 ! g

EX' = MY (0) = & Mx(£)|=o

M y A xel]img = A17D x Xk 0 = A,

EX2 = M%(0) = 45 Mx(t)]1=0

EX? = AN -DHL) oy (eMeLwH £ (e — 1) + t%)) lezo.

EX2 = A (eW*lHt « (et + 1) lezo.

EXZ=XAA+1) =2+ A\
o VarX =EX? — (EX)2 = (A2 4+ )) — (\) = A
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4 2.34

A distribution cannot be uniquely defined by a finite collection of moments... Let X have the normal
distribution, that is X has pdf

fx(x) = \/%?6*“2/2, —00 < & < 00.

Define a discrete rv Y by

PY=V3)=P(Y =-V3)=1/6, P(Y =0)=2/3.
Show that

EX" =EY" for r =1,2,3,4,5.

Answer:

Mx (t) =Ee' = [* e « \/%—ﬂe_mg/g, —00 < < 00.

2

MX(t) :foo Letxfo/Q :foo 1 thxT—ac.

—00 /271 —O0 /27
Which, after inserting some convenient terms and rearranging becomes:

My (1) :foo 1 6—z2+2t§—t2+t2 Zfoo 1 e—(x2—2t;+t2)+t2

—00 /21 —00 /27
M o 1 Ze=p?ed 2/2 , (oo _1
x(t) = [, o =el"2x [T =€

—(z—t)?

B 2
ffooo %e 2 =1 because it is the linear transformation of a Normal Distribution.
2w

MY(t) =EY" = Zyey e x P(Y = y)v Y= {_\/ga 07 \/g}
MY(t) — %et\/g + %etm _|_ %et*o
My (t) = L(etV3-0V=3) 4. 2

The following table shows first 5 derivatives of the the MGF’s for X and Y and what they evaluate
to:

r | Mx(t) (1) M5 (0) | My (0)
1| te?/? 113'etV3 1 (—yB)Lle 3] | 0 0
9 | $2682/2 4 ot?/2 %[\/g%t\/ﬁ + (_\/3)26—1&\/5] 1 1
3| #3¢t°/2 4 3pet*/2 L3 V3 4 (—V3)3e V3] | 0 0
4| $4et/2 1 G126t /2 4 3t /2 %[\/3461“/3 + (_\/§)4e—t\/§] 3 3
5| 5et/2 41002/ 4 158et”/2 | 1[/3eV3 4 (—y/B)Se V3] | 0 0
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5 3.5

A standard drug is known to be effective in 80% of cases in which it is used. A new drug is tested
on 100 patients and found to be effective in 85 cases. Is the new drug superior? (Hint: Evaluate
the probability of observing 85 or more successes assuming that the new and old drugs are equally
effective.)

Answer:
Let S be a drug success.
P(S > 85) = 3,20 (19).8% 210071 = 0.1285.

While promising this is not enough to choose the new drug over the old. A larger sample size with
the same proportion would be more convincing.

For example, if there were 850 successes out of 1000 patients, the probability drops to 2.64e05.



