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I
Motivation

@ Currently, separate models for term structures of interest
rates in different currencies

@ We extend to an arbitrary number of currencies

@ Drift parameters are notoriously difficult to estimate

@ With term structures in 10 currencies, a flexible model can have
2775 free parameters in the drift!

@ Risk-neutral components of drift parameters are relatively easy
to estimate from prices

@ We demonstrate a parsimonious yet flexible approach to

modeling risk premia (the link between the risk-neutral and
actual drift parameters)

Minnesota - 2009 Sep 18 Graveline & Joslin



I
Qutline

@ Brief review of single currency affine term
structure models
@ Fit to cross-section of yields

@ Pricing theory with multiple currencies
@ Extension to multi-currency term structure models

@ Parsimonious specification of risk premia in
a multi-currency setting

@ Empirical analysis both in- and out-of-sample
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I —
The Fundamental Theorem of Pricing

@ If there are no arbitrage opportunities

@ Then there is a unique minimum variance pricing
kernel M (or measure Q) that prices all payoffs
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@ Py is the price at t of any future payoff Pt

@ 1, is the short (instantaneous) risk-free rate
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I —
Single Currency Affine Yield Models

@ Everything follows a continuous diffusion w/ linear (affine)
drift (mean) and quadratic variation (covariance)

—E¢ [dM; /M;dt]

1
—E; [d log M; + Ed (logM, log M), } Jdt =y

< ")
)

po+ p1- Xt

Ho + H1Xy (t) + -+ 4+ HmXm ()

Jdt 0+ KX

EQ[dX,]/dt

@ Zero coupon yields are affine since

P(r) = F [MT* : 1} — B [em 177 0] = emAM-BMN —; gl
t
T 1 m
B(r) — /0 pr—KTBW) -5 {Z HiB, (u)} B (u)] du
i=1

T 1
A(r) = / [po ~0-B()~ 3B (u) HoB (u)] du
0
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I —
Single Currency Models (cont'd)

@ Minimum variance pricing kernel M is the
projection of any pricing kernel U’ onto the
space of assets being priced, i.e.

M; = E[U| UP{]
@ i.e., The factors X can be combinations of yields
Xi = Lo+ L1Yy
@ Safe to think of X; as principal components

@ 2 or 3 principal components typically explain ~ 97%
of cross-sectional variation in yields
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I —
Estimating Parameters

@ Covariance parameters of d (X,X ") /dt are
relatively easy to estimate from time series

@ If X is N-dimensional then no-arbitrage imposes
N x (N + 1) restrictions on pg, p1, ¢, and K

Xi=Lo+LiYi =Lo+ Li[A+BX{] =Lo + LA+ LB X;
—_— =~

0 T

@ Only N + 1 =~ 4 remaining free parameters

@ Easy to estimate
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I —
Risk Premia Specification

@ Still need to specify risk premia —d (X, log M),
(or change of measure dP/dQ) to complete the
time-series implications of the model

Eq [dX;] /dt = E2 [dX] /dt —d (X,logM), /dt

@ Risk premia parameters are notoriously difficult
to reliably estimate

@ We’'ll put this issue on the backburner for now and
return to it when we develop multi-currency models
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I —
Cross-Section Empirical Estimates

@ Gaussian version of the model (i.e. Hj~o = 0)

using weekly data for G10 countries
(USD, GBP, JPY, AUD, EUR, CAD, CHF, NZD, SEK, NOK)

@ DEM used before EUR

@ Zero-coupon yields bootstrapped from Libor and swap
rates — 3M, 6M, 2Y, 3Y, 5Y, 7Y, 10Y
@ 2 factor NZD - initially missing 6M, 7Y, and 10Y
@ 2 factor NOK - initially missing 7Y and 10Y

@ All data is from Bloomberg

@ In-sample estimates 1993-Jan-06 to 2001-Dec-26
@ Out-of-sample testing 2002-Jan-02 to 2009-Mar-28
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I
Cross-Sectional Fit to Yields

@ Fit to the cross-section of yields is very good
@ Root mean squared errors

N
%Z[Ytn () = (A(7) + B (1) %) /7> ~ 5 bps
n=1 model yield

@ Intuitively, affine models do a good job of
describing cross-section of yields given
contemporaneous values of “level”, “slope”, and
“curvature”
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e
Root Mean Squared Errors - USD
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e
Root Mean Squared Errors - GBP
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e
Root Mean Squared Errors - JPY
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e
Root Mean Squared Errors - AUD
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e
Root Mean Squared Errors - EUR
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e
Root Mean Squared Errors - CAD
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e
Root Mean Squared Errors - CHF
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e
Root Mean Squared Errors - NZD
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e
Root Mean Squared Errors - SEK
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e
Root Mean Squared Errors - NOK
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Pricing in an International Setting

@ The space of available payoffs can also include
assets in foreign currencies (j = 1,...,J) when
they are exchanged to the domestic currency

Mt

P =E, [WPT} and sPPY = E [MT (s¥p¢ )}
t t

] Pt(j is the price in currency j of any future payoff PQ)

in currency j
@ S0) is the exchange rate for currency j

(domestic currency per unit of foreign currency)
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I —
Choice of Denominating Currency

@ For any foreign currency j there is a minimum
variance pricing kernel M) such that

Pt
— =F
St(J)

MO S0

t

MY pr ] J stpM

4
VO |
'{i)p_f_l) — Pt(J) =,
Mt

@ In particular

(i) 0] (i) i\ ? () 0)
P'E'j) = My Mr Sy Et |:<MT LTST ) :| =0 = MiT = MTST
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I —
Multi-Currency Specification

@ Multi-currency model is the same as single
currency model with expanded state vector X
that includes log exchange rates, log S

It

—_—
"B [dM/Mcdt] =

d (X, X ), /dt

E¢ [dX(] /dt +d (X, logM), /dt =

EZ[dX,]/dt

po + p1- %
Ho + HiXq (t) + - - - + HnXm ()
0 + KX,

@ In empirical implementation, state vector X also
includes linear combinations of foreign yields
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I —
Factors in Multi-Currency Model

@ In order to capture realistic variation in foreign yields and
exchange rates, we need to expand the dimension of the
state vector X to include

@ Thefirst N; € {2, 3} principal components of each
foreign yield curve

v, 1 1 J J
X = [xl,xz,xg,x{ Lo XX >,...,x§3]
@ The log exchange rates (domestic/foreign)
logS = [logS™. logS®@, ... logSY]

@ With stochastic volatility (i.e. Hi~o # 0) could also
include squared option implied vols

@ Let the full state vector be X = [f(, log S]
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24



|
Affine Yields in All Currencies

@ Yields in all currencies are affine since dynamics are
affine under any curreny’s risk-neutral measure

= Ed (MS(j)>t/(MSU))tdt]
= n-E2[dlogs!] /dt - %d (logs®,10gs®) /dt = o) +pl’ - %,

B [dX] /dt = B [dX,] /dt +d (X, log (Ms<i>)>t /dt

= E2[dX,]/dt +d <x,|ogs<i>>t Jdt = o) 4 x,

0 . : ) :
MrS7” ] — % [e*ft‘” rlﬂ”du} — e AN@)-BO)x . o=Y(r) 7

PI(r) = R . =
' M,s? '
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I
Parameters Relevant for Yields

@ Again, covariance parameters of d <X7XT>t /dt are relatively easy to
estimate from time series

@ If X is N-dimensional and log S is J-dimensional, then no-arbitrage
imposes N x (N +J + 1) restrictions
@ po, p1, 0, and K only contain (J + 1) x (N +J + 1) free
parameters

@ 2- or 3- factor single currency models each provide an excellent
cross-sectional fit, so we can further restrict the parameter dimension

@ Make multi-currency = single currency for pricing

@ Yields in each currency j depend on N; € {2, 3} factors

-] p(lj) has N; non-zero elements (p; has No)
@ Cis block diagonal with blocks of size N; (j =0,1,...,J)

@ Free parameters reduced to J + 1 + ij:o N;
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I —
Risk Premia Specification

@ Still need to specify risk premia —d (X, log M), to
complete the time-series implications of the model
Eq [dX] /dt = E2 [dX,] /dt —d (X,log M), /dt
N———
9-+KC%
@ PCs capture cross-sectional variation in yields but are not
always the best predictors of time-series changes

@ We can let risk premia depend on any combination
of yields and log exchange rates (in general, can
also depend on other variables as well such as
macro factors)

—d (X,logM), = Ag + A{R; where R =Ry + R1[Y:,logS]
Graveline & Joslin



I —
Risk Premia Specification (cont’d)

@ In theory (a perfect world) we shouldn’t need different
linear combination for risk premia since

Ri = Ro + Ry [A + BX{] = (Ro + R1A) + R1BX;
N———
[Yt, |Og St]
@ In practice, it's a model so we can’t match all yields exactly
Yt =A + th + &t

@ Intuitively, we can improve the time series fit if we don’t
ignore the cross-sectional pricing errors

@ Ag and A; are the only new parameters since we assume

that
th = R]_B dXt
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I —
Risk Premia Specification

@ No arbitrage does not impose any parameter restrictions
on risk premia
@ With up to 7 yields each from 10 currencies plus 9 log
exchange rates, R; can contain 74 elements!

@ If X isdimension N +J = 28 + 9 = 37 then Ag and A; can have
37 x (79 + 1) = 2775! free parameters

@ Even if we set Ry = X; then we still have 37 x (37 + 1) = 14086!

@ Combination of two approaches to maintain flexible risk
premia specification with fewer parameters

@ Restrict the rank of [Ag, A4]

© Reduce the dimension of R,
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I —
Rank Restructions (cont’d)

@ We use 10 single currency models to estimate the
parameters for AY = A9 + AUy D forj=0,1,...9
@ We impose

rank ([AD.AP]) =1 = AP = A0 x [RY + ROV

N;x1 —
1x1

<] Yt(j) are yields in currency j (j = 0 is domestic)
@ 93 total parameters across all AJ, Al), RD) and R

@ Then estimate full multi-currency model with
R = [RO,RM, ... RO

@ rank ([Ag, A1]) =1 = 11+ 36 = 47 free parameters
@ rank ([Ao, \1]) =2 = 2 x (11+35) =92
@ rank ([Ag, A1]) =3 = 3 x (11 +34) =135

Minnesota - 2009 Sep 18 Graveline & Joslin
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I —
Predicting Changes in Yields

@ Our measure of time-series fit is
i . 2
> (aY?(r) - B [av? (7))
- . . . 2
I (NAUGESIINRIG])

RZ

@ i.e. R? > 0 means the model out-performs the
“expectations hypothesis”

@ At = 4 week overlapping predictions

@ In-sample estimates 1993-Jan-06 to 2001-Dec-26
@ Out-of-sample testing 2002-Jan-02 to 2009-Mar-28
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Time-Series Fit - USD R? in %

rank  3M
1 11.7
2 15.1
3 25.0
single 25.0
rank  3M
1 -2.3
2 -4.7
3 -1.5
single -4.0

Minnesota - 2009 Sep 18

In-Sample

6M 2 3Y
79 12 0.7
9.0 1.7 1.7
180 51 39
200 57 35

Out-of-Sample
6M 2Y 3Y
22 54 41
1.3 44 22
48 49 20
45 145 122
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I
Time-Series Fit - GBP R2 in %

In-Sample
rank 3M 6M 2 3Y 5Y 7Y 10Y
1 137 86 07 04 05 08 1.2
2 148 88 19 24 33 37 39
3 156 92 18 23 33 37 39
singe 164 79 0.2 0.7 08 05 0.2

Out-of-Sample
rank 3M 6M 2Y 3Y 5Y 7Y 10Y
1 105 10.7 50 38 36 3.7 37
2 114 112 24 06 02 08 1.6
3 10.8 109 26 08 04 09 16
single -13.0 -70 -04 -1.7 -28 -25 -1.8

Minnesota - 2009 Sep 18 Graveline & Joslin
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Time-Series Fit - JPY R2 in %

rank  3M
1 10.7
2 14.4
3 19.0
single 18.9
rank  3M
1 -17.2
2 1.2
3 -11.0
single -25.7

In-Sample
6M 2Y 3Y
13.0 11.7 105
17.1 151 13.6
224 18,6 16.2
210 161 141

Out-of-Sample
6M 2Y 3Y
-49.3 -73.6 -494
-19.1 -47.4 -33.0
-45.2 -735 -47.7
-58.1 -76.3 -52.3

Minnesota - 2009 Sep 18
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8.4
11.2
12.4
11.2

SY
-22.6
-15.6
-20.2
-25.8

Y
6.6
9.0
9.5
8.9

Y
-12.1

-8.6
-10.2
-15.1

10Y
4.9
6.8
7.0
6.7

10Y
-6.3
-4.8
-5.2
-9.0
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I
Time-Series Fit - AUD R? in %

In-Sample
rank 3M 6M 2y 3Y 5Y 7Y 10Y
1 263 184 32 19 13 1.1 1.1
2 269 197 65 65 7.9 8.8 9.3
3 276 204 65 6.3 7.4 8.2 8.7
single 284 223 75 6.1 5.6 5.6 5.4

Out-of-Sample
rank 3M 6M 2y 3y 5Y 7Y 10Y
1 39 50 34 27 24 2.2 2.1
2 69 70 26 06 -20 -37 -49
3 44 29 -45 -6.8 -93 -10.3 -10.8
singe 19 0.7 -1.3 -17 -23 -27 -3.0

Minnesota - 2009 Sep 18 Graveline & Joslin



Time-Series Fit - EUR R2 in %

rank  3M
1 2.8
2 4.7
3 5.2
single 10.7
rank  3M
1 16.6
2 21.5
3 26.6
single 13.3

Minnesota - 2009 Sep 18

In-Sample

6M 2Y
39 41
41 5.9
44 59
11.7 8.0

Out-of-Sample

6M 2Y
16.7 7.5
19.3 56
22.7 5.7
13.8 7.5

3Y
3.5
6.2
6.2
6.8

3Y

6.1
3.7
3.6
6.2
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2.6
5.8
5.8
5.4

SY

5.4
2.4
2.0
5.4

Y

1.8
4.9
4.9
4.4

Y
4.9
1.7
0.9
4.9

10Y
1.1
3.7
3.7
3.3

10Y
4.2
0.9
-0.4
4.2
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Time-Series Fit - CAD R2 in %

In-Sample
rank  3M 6M 2y 3Y 5Y 7Y 10Y
1 16.8 140 53 39 30 26 21
2 173 149 72 6.2 58 56 53
3 205 177 83 6.9 6.2 59 54
single 176 153 75 6.6 6.6 6.8 6.8

Out-of-Sample
rank  3M 6M 2Y 3Y 5Y 7Y 10Y
1 -92.0 -451 54 7.7 92 94 87
2 -779 -347 57 65 64 58 47
3 -66.7 -31.2 23 30 32 31 26
single -29.1 -18.7 -25 -1.2 0.1 09 15

Minnesota - 2009 Sep 18 Graveline & Joslin
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I
Time-Series Fit - CHF R2 in %

In-Sample
rank 3M 6M 2y 3Y 5Y 7Y 10Y
1 41 39 26 24 23 22 20
2 50 40 47 55 6.3 64 6.0
3 45 36 47 55 63 64 6.0
singe 25 40 54 48 34 22 13

Out-of-Sample
rank 3M 6M 2Y 3Y 5Y 7Y 10Y
1 286 257 109 86 69 59 51
2 33.7 273 55 28 13 09 0.8
3 348 282 57 29 11 05 0.2
single 30.3 262 -10 -16 19 41 49
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I
Time-Series Fit - NZD R? in %

In-Sample
rank  3M 2Y 3Y 5Y
1 04 -00 -01 -00
2 0.6 2.5 3.0 3.3
3 8.3 6.4 5.4 4.5

single -0.1 5.3 79 10.1

Out-of-Sample
rank  3M 2Y 3Y 5Y
1 4.7 15 02 -1.0
2 48 -23 -49 -70
3 -39.1 -315 -28.3 -25.6
single 6.0 -32.0 -344 -34.7
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Time-Series Fit - SEK R2 in %

In-Sample

rank 3M 6M 2Y 3Y
1 223 183 46 2.7
2 220 181 9.0 8.3
3 23.0 186 8.8 8.1
single 175 123 09 0.1

Out-of-Sample

rank 3M 6M 2Y 3Y
1 355 346 148 9.7

2 36.0 348 95 3.1
3 405 379 49 -24
single 458 437 128 6.4

Minnesota - 2009 Sep 18 Graveline & Joslin
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Time-Series Fit - NOK R2 in %

In-Sample
rank  3M 6M 2Y
1 3.2 3.3 2.6

2 12.3 139 17.8
3 12.3 14.0 18.4
single 14.1 15.1 14.8

Out-of-Sample

rank  3M 6M 2Y
1 12.0 13.0 10.8
2 8.3 8.0 1.8
3 6.5 4.7 -6.9
single -74.4 -87.6 -103.5

Minnesota - 2009 Sep 18 Graveline & Joslin
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1.9
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17.7
12.4

3Y
8.2
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.
Time-Series Fit - log FX rate R? in %

Risk Premia Rank

In-Sample Out-of-Sample

1 2 3 1 2 3
GBP 04 04 05 -0.7 -0.7 -1.0
JPY 01 14 13 -11 -3.7 -39
AUD 0.1 0.2 04 0.4 0.3 -0.0
EUR 04 01 13 -1.7 -26 -2.3
CAD 0.2 0.2 03 -0.7 -0.8 -0.8
CHF 0.2 01 10 -13 -19 -2.9
NZzD 1.0 3.4 3.3 0.7 0.0 0.2
SEK 0.0 0.0 26 -0.1 -0.0 -48
NOK 0.0 -0.1 0.0 0.2 0.1 -0.1
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.
Conclusions

@ To extend single currency term structure models to an
arbitrary number of currencies we simply add log
exchanges rates and foreign yields to the state vector

@ Some relatively minor housekeeping to compute
yields in foreign currencies

@ Number of parameters can grow quickly with the number
of additional currencies

@ Important to reduce the number of risk premia
parameters while still maintaining flexible
specification

@ Currencies and Japanese yields are hard to predict!
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e
Principal Component Weights - USD

Minnesota - 2009 Sep 18 Graveline & Joslin

a4



e
Principal Component Weights - GBP

aM  6M 2y 3y 5Y 7Y  10Y
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e
Principal Component Weights - JPY

M  6M 2y  3Y  5Y 7Y  10Y
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e
Principal Component Weights - AUD

V'S

M 6M 2y  3Y  5Y 7Y  10Y
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e
Principal Component Weights - EUR

M 6M 2y 3Y 5Y 7Y  10Y
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e
Principal Component Weights - CAD

V'S

3M  6M 2y  3Y  5Y 7Y  10Y
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e
Principal Component Weights - CHF

M 6M 2y 3y 5Y 7Y  10Y
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e
Principal Component Weights - NZD

&

%= PC1l
=#=PC2

BY
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e
Principal Component Weights - SEK

'\
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e
Principal Component Weights - NOK

= PC1l
== PC2

3M 6M
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