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A geometric framework for resource allocation problems

How do we construct boundaries in a geographic region 

optimally?

ÅVehicle routing: A fleet of vehicles must visit a set of destinations in 

a city.  Can we assign vehicles to cover distinct sub-regions of the city 

in an optimal way?

ÅCongressional redistricting: Legislative districts in the USA should 

be contiguous and have approximately equal populations.  How can 

we draw boundaries to such regions algorithmically?  Can further 

measures of fairness be enforced?

ÅOrgan transplant regions: The USA is currently divided into 11 

regions for assigning of donor organs to recipients.  How can we build 

these regions in an optimal way?

ÅCan we achieve better control over the region shape?  Can diameter, 

perimeter be controlled?

ÅIs there an optimal partitioning criterion for online vehicle routing?

ÅDo similar results hold for partitioning higher-dimensional spaces?

Given a number n and two densities on a convex planar region C, our 

algorithm partitions C into n convex sub-regions, each containing the 

same amount of both densities.

Examples:

ÅCongressional redistricting:  Divide a state into convex sub-regions, 

each containing the same number of Republicans and Democrats

Several fast geometric algorithms for partitioning a planar region are 

already known:

ÅVoronoi partitions:  Given a collection of nñlandmark pointsò in the 

plane, for each landmark point p, build a cell Vp consisting of all 

points closer to p than any other landmark point.

ÁHam sandwich cuts: Given two shapes in the plane, find a single 

line that cuts both shapes in half.

ÁRed-blue partitioning:  Given gm red points and gn blue points in 

the plane, find a partition of the plane into g convex pieces, each 

containing m red points and n blue points.

Our research extends these basic results and applies them to practical 

situations.

ÅMulti-depot vehicle routing:  Using a fleet of vehicles, traverse every 

road in a city 

ÅApplications include waste management, street scanning, postal 

delivery

ÅMinimize the time to completion, i.e. assign equal loads to vehicles

ÅInput:

ÅA city road network with 645,000 road segments and 235,000 

intersections

ÅVehicle starting points (ñdepotsò)

ÅOur solution uses region partitioning to assign regions to vehicles 

equitably

Å4% overhead cost (only 4% of roads are traversed more than once)

ÅFurthermore, vehicles take 9x as many right turns as left/U-turns
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ÅTo develop fast algorithms for resource allocation problems that have 

a geographic component

ÅTo use tools from computational geometry to solve optimization 

problems with new and unique methodologies

ÅTo solve problems with both theoretical importance and practical 

significance by collaborating with the Boeing Company

In (a), we are given a convex polygon with a collection of points representing vehicle depots.  In (b) we 

partition the polygon into a collection of smaller polygons, each containing a point and having equal area. 

Each vehicle then visits all the destinations in its associated subregion in (c); when desinations are uniformly 

distributed, the equal-area criterion ensures that vehicle tours will all be asymptotically equal. 

The state of Pennsylvania, 

usually considered a swing 

state, divided into 16 sub-

regions, each containing the 

same number of Republicans 

and Democrats.  If we assume 

a two-party population only, 

all sub-regions have the same 

population.

We break the city into a 

collection of disjoint convex 

sub-regions, each containing 

exactly one vehicle depot and 

containing the same amount of 

road length.  Since all sub-

regions have the same amount 

of roads, we predict that the 

loads assigned to each vehicle 

should be the same.

We are given a map of a cityôs 

road network, with 645,000 

road segments and 235,000 

intersections.  Vehicle starting 

points (depots) are indicated 

in red.  We want to traverse 

every street segment in the 

network with a vehicle.
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In (a), we are given a 

collection of red and 

blue points in the plane.  

In (b), we partition the 

plane into disjoint 

convex subregions, each 

containing 2 red points 

and 3 blue points.  

Previous work has 

proven the existence of 

such partitions.

(a) (b)

Road segments are assigned to 

vehicles and routes are 

constructed using a local 

search procedure, seeded 

initially with the map partition 

data shown above.   In 

practice this map was 

traversed with 50 vehicles 

with 4% overhead cost (i.e. 

only 4% of the street mass was 

traversed more than once).

A Case Study

A Voronoi partition 

of the plane with 

respect to a given 

point set. The yellow 

cell consists of all 

points closer to 

landmark point p 

than any other 

landmark point.

A ñham sandwich 

cutò that 

simultaneously 

divides the two 

regions shown in 

half.p

ÅStochastic vehicle routing:   Given n vehicles starting at fixed 

locations (ñdepotsò), divide the service region into n subregions to 

balance the loads of visiting a set of points according to some known 

probability density

The black points indicate the 

starting points of 8 vehicles.  

The region has a probability 

density indicated by the color 

map that describes the 

location of demand points that 

vehicles must visit.

The BHH theorem, a well-known combinatorial result, says that the 

length of an optimal TSP tour in a service region with a known density 

obeys a Law of Large Numbers.

with �…a fixed constant.  We can therefore use the quantity

as a measure of expected tour length.  We can make vehicle tours 

asymptotically equal by equitably partitioning this density.

We break the service region 

into convex sub-regions, 

each containing a vehicle 

depot and the same amount 

of the tour length 

approximation derived 

above.  Vehicle tour lengths 

are approximately equal as 

the number of points to visit 

increases.

(a) (b) (c)


