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14 Thu 3 Jul Hand in HW23, HW24

5.1 Using Integers as Exponents
HW25 After class, on page 231 do problems 1, 15, 33, 37, 41, 65, 67, 69, 73, 75

Topic 6.2 A — The Number 1 as an Exponent

We originally defined exponents as a convenient way to show repeated multiplication. For example, 23
means multiply 3 factors of 2, or 2 « 2 « 2. This works fine for natural number exponents of 2 or greater, but
this definition does not make sense when the exponent is 1 because we cannot multiply 1 factor (this would
be like trying to clap with one hand). In Chapter 1 we stated that an exponent of 1 can be assumed when no
exponent is written. For example, we said that x and x! are equivalent. This assumption is consistent with

. . . . . . o . x3
the properties of exponents discussed in the previous section. To show this, let's simplify the expression 2
using two methods we know to be correct and then compare the answers.

x3
* Simplifying 37 using the definition of exponents:

wx < Used definition of exponents.

X X T
X *X *X <« Used Associative Property of Multiplication.

1+1ex <« Simplified each fraction.

X < Used Multiplication Property of 1.
X3 . . . e
* Simplifying 37 using the Division Property of Exponents gives us x>~ 2, which simplifies to x!.

We used two different methods to simplify the same expression and we obtained two expressions that look
different: x and x'. This suggests that the simplified expressions represent the same quantity.

N’ Definition N English: An exponent of 1 means a single factor of the base.
Exponent of 1 Examples:
21 can be written as 2

y! can be written as y

Algebra: a' = a

Topic 6.2 B — 0 as an Exponent

3
We will use a similar process to determine a meaning for an exponent of 0. We will S|mpI|fy§ using two

different methods:
x3
* Simplifying 33 using the definition of exponents:
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yxx < Used definition of exponents.

X X X Lo
X *X *x <« Used Associative Property of Multiplication.

le1e1 <« Simplified each fraction.

1 < Used Multiplication Property of 1.

X3
 Simplifying 33 using the Division Property of Exponents gives us x> 3 , which simplifies to x0 .

We used two different methods to simplify the same expression and we obtained two expressions that look
different: 1 and x9. This suggests that the simplified expressions represent the same quantity.

N’ Definition N English: An expression with an exponent of 0 is equivalent to
Exponent of 0 the number 1.
Examples:

20 can be written as 1
y0 can be written as 1 (assuming y # 0)
Algebra: If a# 0, then a% = 1

In the above definition, we excluded 0 as a possible base because 00 is not defined. We will always make
this assumption even though we may not explicitly write it.

This result is surprising and may not make intuitive sense. Many people think x0 should be 0 rather than 1.
This is an instance where your intuition might lead you astray. Remember, it's always better to back up
intuition with algebra.

One use of this definition is to attach any variable to a term. For example, we may rewrite the constant 5 as
an equivalent expression that contains a variable.

51 <« We used the Property of Multiplication by 1.

5x0 < We used the definition of a 0 exponent. Note that we must assume that X # 0
because 00 is not defined.

It may seem strange to do this. But, we will use this idea later to help us simplify expressions.

Topic 6.2 C — Negative Exponents

Expressions with negative exponents, such as x-2, might not make intuitive sense but we can determine a

meaning for them using the same technique we used for exponents of 0 and 1. We will do this by simplifying
3

X , .
5 using two different methods.

x3
* Simplifying 35 using the definition of exponents:
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< Expression to simplify.

< Used definition of exponents.

< Used Associative Property of Multiplication.

< Simplified each fraction.

< Used Multiplication Property of 1.

 Simplifying 35 using the Division Property of Exponents gives us x>~ , which simplifies to x2 .

, . , . 1
We used two different methods to simplify the same expression and we obtained two answers: 2 and x—2.

This suggests that the simplified expressions represent the same quantity.

N Definition N

Negative Exponents

English: An expression with a base written on one side of a
fraction bar can be written as an equivalent expression with the
base on the other side of the fraction bar by changing the sign
of the exponent.

Examples:

) 1
2-5 can be written as 25
x=3 can be written as 3
1 )
4 can be written as x4

Algebra: If a # 0, then a=" = % and a" = %

Note that a and a" are reciprocals because their product is 1:

(aM)@m
a-n+n)
aO

1

< Expression to simplify.
< Applied multiplication property of exponents.

< Added exponents.

< Used definition of 0 exponent.

We can use the idea of negative exponents to "move" factors between the numerator and denominator of

a fraction.

N Procedure N
Moving factors between
numerators and

denominators

. To move a factor from the numerator to the denominator
of a fraction, write the factor in the denominator and change the
sign of its exponent.

. To move a factor from the denominator to the numerator
of a fraction, write the factor in the numerator and change the
sign of its exponent.

For example,
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X2 3
* Moving the X factor from the numerator to the denominator of =7 results in 77 . Notice the sign of the exponent

in each expression is different. We can demonstrate that these two expressions are equivalent as follows:

3x2 . .
7 < Expression to simplify.
3, . .
Z X “ <« Split the fraction into two factors.
ER L .
72 < Used definition of a negative exponent.
3 - - .
e < Multiplied numerators and multiplied denominators.

2 233
* Moving the X factor from the denominator to the numerator of 5,5 results in 75— . We can demonstrate that these

two expressions are equivalent as follows:

53 < Expression to simplify.

2 1
5°%3 < Split the fraction into two factors.
2 1 — .
3] < Used definition of a negative exponent.
X3
2 % . .
5 *T <« Inverted and multiplied second fraction.
2x3

5« Multiplied numerators and multiplied denominators.

Example6.2.2  Simplify.
a) 2714371

1
b) 2T2—3—1+30

Practice 6.2.2 Simplify.

1 1
3714 4-1 5+22 +20 4-1 32 3e273 61

Topic 6.2 D — Simplifying Complicated Exponential Expressions

The following is a summary of the properties of exponents introduced in this Chapter.

o _ 2y3 = x2+3 which
) aman= gm+n x2x3 = x2+3  whic
Multiplication Property: simplifies to x5
o 2)3=x2+3 which
am n = am n (X ) X ’ whic
Power of a Power (@m) simplifies to. x6
Power of a Product (ab)m = ampm (xy)?2 = x2y2
Property:
am X = x5-3 | which simplifies
Division Property: o —anna #0 x3 ’
to x2
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i a\m _am xX\2 _x2
Power of a Quotient (b) =pm b#0 (y) =12
Exponent of 1 al'=a x1=x
definition:
Exponent of 0 a’=1,a#0 x0 =1
definition:
Negative Exponent am= a1_m ,a#0 X2 = %
definition:

Example 6.2.3
) (xH)°
a2

3
b) (—2a—4)

Simplify and write with positive exponents. Assume all variables represent non—zero real numbers.

Practice 6.2.3 Simplify and write with positive exponents only. Assume all variables represent non—zero real numbers.

5,2) 3 6516 ct)? d5 N\ (Gl (622
(#°2) CAL (&) (W) s oo
Example6.2.4  Simplify and write with positive exponents only.
3
xh
a) 512
m3m2 \ 3
b
(@)
Practice 6.2.4 Simplify and write with positive exponents only.
X230 )2 5x2xH\3 3x2e5x4 2x0e4x73
(2x3)2 (xH?2 2x3(x2)2 12x3(x3)
(4x2y3)2 (=3x2y3)2 12xy2\ 2
@yh~ (2xy~ ! 18x%y
—12X_3¥ -3 (8X2::5)4 (2x-Sy)-3
9X5y—2 (16X—3y2)3 (4X3y—2)—1
472 3y1 [ §-1x2y -2 6xy~2 -1 3-1x2y -2
xy 3yl X2y 2x0y~3




