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Fri 4 Apr Ñ  4.4 Polynomial and Rational Inequalities 
Steps for solving: 

1. Write inequality with 0 on one side. 

2. Find the real zeros of the numerator and denominator. 

3. Use the real zeros to break up the number line into intervals. 

4. Use a test point in each interval to see if the function is pos or neg. 

pg 213 #8   x
3 ! x  

1. Write inequality with 0 on one side. 

  

x3 ! x

x3 " x ! 0
 

2. Find the real zeros of the numerator and denominator. 

  

x3 ! x " 0

x x2 ! 1( ) " 0

x x ! 1( ) x +1( ) " 0

x = 0 or x = 1 or x = ! 1

 

3. Use the real zeros to break up the number line into intervals. 

  
Interval : ! " ! 1 0 +1 "  
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4. Use a test point in each interval to see if the function is pos or neg. 

 

  

Interval : ! " ! 1 0 +1 "

Try x = ! 2 !
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f x( ) ) 0 no yes no yes

 

 Since we want 
  
f x( ) ! 0 , the solution is 

  
x | ! 1" x " 0 or x # 1{ } . 

       Here are the graphs of 
  
g x( ) = x3  and 

 
h x( ) = x    

Here is the graph of 
  
f x( ) = x3 ! x :  Note where 

 
g x( ) ! h x( )    
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f x( ) = x3 ! x  
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g x( ) = x3  

 
h x( ) = x  

 
g x( ) ! h x( ) 

g x( ) ! h x( )
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4.4, pg 213, #26 Solve 
  

x + 5( )2

x2 ! 4
" 0 . 

1. Write inequality with 0 on one side. Done 

2. Find the real zeros of the numerator and denominator. 

  

x + 5 = 0

x = ! 5
  

  

x2 ! 4 = 0

x ! 2( ) x + 2( ) = 0

x = 2 or x = ! 2

 

3. Use the real zeros to break up the number line into intervals. 

  
Interval : ! " ! 5 ! 2 + 2 "  

4. Use a test point in each interval to see if the function is pos or neg. 

  

Interval : ! " ! 5 ! 2 + 2 "

Try x = ! 6 ! 3 0 3

Get f =
! 6 + 5( )2

! 6( )2 ! 4

! 3 + 5( )2

! 3( )2 ! 4

0 + 5( )2

0( )2 ! 4

3 + 5( )2

3( )2 ! 4

Simplify :
1

32
# .03

4
5

= .8
25
! 4

# 6.3
64
5

= 12.8

f x( ) $ 0 yes yes no yes

 

 Since we want 
  
f x( ) ! 0 , the solution is 

  
x | x < ! 2 or x > 2{ } . Note that since -2 and 2 are not in the 

domain we must use a strict inequality. 
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 LetÕs graph 

  

f x( ) =
x + 5( )2

x2 ! 4
=

x + 5( ) x + 5( )
x ! 2( ) x + 2( )

: 

 Horizontal asym at   y = 1 since (deg p) = (deg q) and ratio of coefficients of dominant terms is 1/1 = 1. 

 Does graph cross this asymptote?  

  

  

f x( ) = y

x + 5( )2

x2 ! 4
= 1

x + 5( )2 = x2 ! 4

x2 +10x + 25 = x2 ! 4

10x = ! 29

x =
! 29
10

= ! 2.9

 

 Vertical asymptotes at zeros of denominator:   x = ! 2  and   x = 2. Each has multiplicity odd so graph 
approaches x-asymptotes from left and right in opposite direction. 

 x-intercept at zero of numerator: x + 5 = 0, so x = -5, so x-intercept is (-5, 0). This has multiplicity 2, 
which is even, so graph TOUCHES the x-axis here. 

 y-intercept: We already know this since we found f(0) = -6.3.  

That is: 
  
y =

x + 5( )2

x2 ! 4
"

0 + 5( )2

02 ! 4
=

25
! 4

# ! 6.3  

 LetÕs sketch this: 
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  y = 1

  x = ! 2    x = 2  

Touc h
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4.4, pg 213, #28 Solve 
  
x +

12
x

! 7 . 

1. Write inequality with 0 on one side. 

  
  
x +

12
x

! 7 " 0  

2. Find the real zeros of the numerator and denominator. 

 First, we must combine the three terms into a single fraction: 

  

  

x +
12
x

! 7 " 0

x ¥
x
x

+
12
x

! 7 ¥
x
x

" 0

x2

x
+

12
x

!
7x
x

" 0

x2 ! 7x +12
x

" 0

 

 To find the real zeros, set the numerator and denominator equal to 0 and solve. 

  

  

x2 ! 7x +12 = 0

x ! 4( ) x ! 3( ) = 0

x = 4 or x = 3

 and x = 0 

 So, the real zeros are 0, 3, and 4. 

3. Use the real zeros to break up the number line into intervals. 

  
Interval : ! " 0 + 3 + 4 "  

4. Use a test point in each interval to see if the function is pos or neg. 

  

Interval : ! " 0 + 3 + 4 "

Try x = ! 1 1 3.5 5

Get f =
! 1! 4( ) ! 1! 3( )

! 1

1! 4( ) 1! 3( )
1

3.5 ! 4( ) 3.5 ! 3( )
3.5

5 ! 4( ) 5 ! 3( )
5

Simplify :
20
! 1

= ! 20
6
1

= 6
! .25
3.5

# ! .1
2
5

= .4

f x( ) < 0 yes no yes no

 

 Since we want 
  
f x( ) ! 0 , the solution is 

  
x | x < 0 or 3 ! x ! 4{ } .  Note that x = 0 is not in the 

solution set since x = 0 is not in the domain of the original function. 
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 LetÕs graph 
  
f x( ) =

x2 ! 7x +12
x

=
x ! 4( ) x ! 3( )

x
: 

 Oblique asymptote since (deg p) = (deg q) + 1  

  

  

x x2 ! 7x +12

x ! 7

! x2( )
! 7x

! ! 7x( )
0 +12

 

 So, equation of oblique asymptote is   y = x ! 7 . 

 Does graph cross this asymptote?  

  

  

f x( ) = y

x2 ! 7x +12
x

= x ! 7

x2 ! 7x +12 = x2 ! 7x

12 = 0

 

 Since we end up with a contradiction, the graph does NOT cross the oblique asymptote. 

 Vertical asymptotes at zeros of denominator:   x = 0 . This has multiplicity odd so graph approaches x-
asymptotes from left and right in opposite direction. 

 x-intercepts at zeros of numerator: x - 4 = 0, so x = 4, and x - 3 = 0 so x = 3. Each has multiplicity 1, 
which is odd, so graph CROSSES the x-axis here. 

 y-intercept: This is the value of y when x = 0. But, x = 0 is not in the domain. So, there is no y-intercept. 

 LetÕs sketch this: 
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  y = x ! 7   x = 0  

C
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