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estimator is proven to be the MLE under the constraint thatf1 and
f2 are integer multiple of the step frequencyfs=N . Nevertheless,
the MLE is in practice more appealing than the unwindowed FFT
estimator since there is no need to calibrate the stimulus frequencies
for achieving the optimality. Experiments have been carried out to
corroborate the theoretical results.
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Estimating Cortical Potentials from Scalp EEG’s in a
Realistically Shaped Inhomogeneous Head Model

by Means of the Boundary Element Method

Bin He,* Yunhua Wang, and Dongsheng Wu

Abstract—Cortical potentials are estimated from scalp potentials using
a realistically shaped inhomogeneous head model, by means of the
boundary element method (BEM). A new adaptive algorithm has been
developed to achieve high accuracy to link directly the cortical potentials
to the scalp potentials in a realistically shaped inhomogeneous head model
including the thin low-conductivity skull layer. Computer simulations
using a concentric three-spheres head model have tested this approach.
The present study demonstrates that the cortical potentials can be directly
estimated from the scalp potentials using the BEM in a realistically shaped
inhomogeneous head model.

Index Terms—Boundary element method (BEM), cortical imaging,
electroencephalogram (EEG), head model, inverse problem.

I. INTRODUCTION

Brain activation is a spatio-temporally-distributed process. While
the electroencephalogram (EEG) offers excellent temporal resolution
to characterize rapidly changing patterns of brain activation, conven-
tional EEG techniques are limited mainly due to their limited ability
to provide spatial information regarding brain activity. It is extremely
desirable to image spatially distributed brain electrical activity from
noninvasive electromagnetic recordings. Such noninvasive means
would greatly increase our ability to accurately localize rapidly
changing regional patterns of brain activation, and to aid presurgical
evaluation in medically refractory epilepsy.

A number of investigators have attempted to improve the spatial
resolution of the conventional EEG by solving the EEG inverse
problem using equivalent dipole models or spatial enhancement
approaches. Among many EEG inverse solutions, the spatial en-
hancement approaches [1]–[16] offer improved spatial resolution as
compared to the conventional scalp EEG, meanwhile noad hoc
assumption is made on the underlying brain electrical sources. The
unique feature of the spatial enhancement approach is its applicability
to all kinds of brain electrical sources, thus, having the potential of
achieving our ultimate goal ofimagingbrain electric activity.

Of particular interest is the recent development of cortical potential
(CP) imaging approaches, in which an explicit biophysical model of
the passive conducting properties of a head is used to deconvolve
a measured scalp potential (SP) distribution into a distribution of
electrical potential on the cortical surface. Because the CP distribution
can be experimentally measured [7], [17] and compared to the inverse
imaging results, the CP imaging approach provides a powerful imag-
ing means, which is also of physiologic importance. Furthermore,
the CP’s offer a much-enhanced spatial resolution in assessing the
underlying brain activity as compared to the smeared SP’s.
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Fig. 1. VolumeV surrounded by surfaceS: S = S1 [ S2.

II. M ETHODS

A. Cortical Imaging as a Linear Inverse Problem

The inverse problem has in general no unique solution, as the
potential distribution measured on the outer surface of a volume
conductor (VC) can be produced by an infinite number of sources
within the VC [18]. However, when the inverse imaging problem is
reduced to estimate the CP’s from the SP’s, the problem is unique,
albeit ill-posed. The mathematical model linking an equivalent source
generator and SP’s can be represented as

� = TX (1)

where� is the vector consisting of SP’s,X is the unknown vector,
which can be the equivalent source generator’s parameters or the
CP’s, andT is the transfer matrix (TM).

There are two problems to be resolved in order to solve the CP
inverse problem: a) to accurately construct the TM from the CPX
to the SP� and b) to inversely seekX from �.

B. Transfer Matrix in a Realistically Shaped
Three-Shell Inhomogeneous Head Model

Green’s second identity can be written as follows:

V

Ar2B �Br2A dV =

S

(ArB �BrA) � ~n dS (2)

whereV is the volume inside the surfaceS and~n is the unit vector
of the outward normal to the surface element (SE)dS as shown in
Fig. 1.A andB are two scalar functions of position with continuous
second derivatives withinV .

If V is an isotropic homogeneous VC and there is no current source
existing withinV , a useful result can be obtained by definingA as
the scalar electrical potentialu andB as1=r. r is the distance from
the observation point~r � located withinV to the SE. In such case,
the following equation can be obtained [19]:

u(~r ) =
1
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dS (3)

where

u(~r ) the electrical potential at the observation point~r �;
d
 the solid angle of an infinitesimal SEdS as seen from

~r �;
@u=@rn the first derivative of potentialu with respect to the

outward normal todS.

Assume the head can be approximated by a three-shell VC as
shown in Fig. 2, with the three shells representing the scalp, the skull,
and the brain tissue, respectively. Assume each shell is homogeneous
and each different shell has a different conductivity. Since brain
electrical sources exist only inside the brain, there are no active

Fig. 2. A three-shell volume conductor model. The volume betweenS1 and
S2 is denoted asV1, and that betweenS2 andS3 is denoted asV2.

sources existing in the volumeV1andV2. So Green’s second identity
can be applied toV1 andV2 separately. Applying (3) to the volume
V1 results in
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By discretizing the surfacesS1 andS2 into triangle elements (TE’s)
and taking the limit of~r � approaching the SE onS1 just from the
inside of V1, (4) becomes [19]
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where

uik the potential value at theith TE onSk;

ij
k the solid angle subtended by thejth triangle onSk as seen

from the ith TE onS1. And 
ii
1 = 2�;

Nk the number of discretized TE’s onSk;

gij12 =

�

dS=rij where�j is thejth TE onS2, andrij is the

distance between theith TE onS1 and thejth TE onS2.

Combining the left-hand side of (5) with the first term in the right-
hand side of (5), and rewriting in matrix format, we get

P11U1 + P12U2 +G12�2 = 0 (6)

whereUk is the column vector consisting of potentials at every SE
on Sk and�k is the column vector consisting of@u=@rn at every
TE on Sk but just inside ofV1. P11, P12, andG12 are coefficient
matrices with dimensions ofN1 by N1; N1 by N2, andN1 by N2,
respectively.

Similarly, take the limit of observation point~r � approaching the
SE onS2 just from the inside ofV1, we can get

P21U1 + P22U2 +G22�2 = 0: (7)

Applying Green’s second identity to the volumeV2 betweenS2
andS3 produces two additional equations

P 0

22U
0

2 + P23U3 �G22�
0

2 +G23�3 =0 (8)

P32U
0

2 + P33U3 +G32�
0

2 +G33�3 =0 (9)

whereU 0

2 is the column vector consisting of potentials at every SE
on S2 and�0

2 is the column vector consisting of@u=@rn at every
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TE onS2 but just inside ofV2. The boundary conditions onS2 can
be expressed as follows:

U 0

2 = U2; �1�2 = �2�
0

2: (10)

Solving (6) and (7) leads to

U2= G12G
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22 P22�P12
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(8)–(12), the following equation can be derived:
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Equation (13) can be rewritten as

AU1 = BU3:

So, the CPU3 can be related to the SPU1 by

U1 = T13U3 (14)

whereT13 = A#B, andA# is the pseudoinverse of the matrixA.
The matrixT13 is the TM from the CP’s to the SP’s, and is the same
as the matrixT in (1).

The calculation of coefficientsgijkl = �
dS=rij (i = 1 � � �Nk,

j = 1 � � �Nl) contributes to a significant degree the numerical
accuracy of the TM. Due to the proximity of each layer and the
significant change in conductivity, an adaptive approach has been
developed to achieve high accuracy in the TM. Let each shell of the
head model consist ofN1; N2, andN3 TE’s, respectively. Each TE
was further divided intoL subelements in calculating the coefficients
gijkl. Fig. 3 illustrates this numerical strategy whenL = 4, while a
number larger than four is used in the present study. The number
of subtrianglesL is determined when the following inequality is
satisfied:

gijkl[n]� gijkl[n � 1]

gijkl[n]
� "

where" is a small positive number adjusting the accuracy desired,
andgijkl[n] refers to the value of the coefficientgijkl at thenth iteration.
For each triangle, the averaged value over the subtriangles is used as
the element in the coefficient matrix for
k where
k refers to the
first derivative of the potential on thekth surface.

To calculate the elements of matrices P’s, the analytic expression
in reference [20] was adopted in the present study to get the solid
angle subtended by a TE as seen from an observation point.

In practice, the vector of the measured SP’s� is a subset of the
potential vectorU1 in (14). Therefore, the SP measurements can be
connected with the CP’s by the submatrix ofT13, T

� = TU3 (15)

whereT is theN by N3 coefficient matrix with the rows being a
subset of the rows inT13. N is the number of the scalp electrodes,
andN3 is the number of the discretized TE’s on the brain surface.
Notice thatT is determined only by the model geometry and the ratio
between the conductivity of the scalp and the skull.

(a) (b)

Fig. 3. Illustration of the adaptive numerical algorithm developed in the
present study. (a) Previous method: ds/r is used as the integral element.
(b) Present method: ds/r is replaced byLi=1(dsi=ri). The number of the
subtriangles is assumed to be four in this illustration.

C. Regularization Strategy for Inversion of the Transfer Matrix

As the measurement electrode number is always much smaller than
the dimension of the unknown vectorX, and measurement noise
always exists, the EEG CP imaging inverse problem is an ill-posed,
underdetermined problem.

Since there is always noise existing in scalp measurements, (1)
should be modified to

� = TX + n (16)

wheren is a noise vector whose dimension is the same as the scalp
recording data. Based on (16), a least-square estimate can be obtained
by minimizing the following objective function:

O(X) = k�� TXk2 ! min: (17)

For an arbitrary matrix, we have [21]

X = (T tT )+T t� = T t(TT t)+� = T+� (18)

where()+signifies thegeneral inverse. The general inverse solution
is a minimum norm (MN) solution among the infinite set of solutions
which satisfy the scalp measurement potentials.

The singular value decomposition (SVD) procedure [2]–[4] can be
used to obtain the general inverse in (18). The effects of noise can
be reduced by using the method of the truncated SVD method. The
determination of the truncation level in the SVD procedure can be
made based on the discrepancy principle [22], in which the truncation
level is determined such that the following equation is satisfied:

kTX � �k = knk (19)

whereknk is the noise level in the measurements.
As a result, the CP estimate can be represented by

Û3 = X̂ = T#� (20)

where,Û3 is the estimated CP field (that is, the unknown vectorX
in the above discussion).

III. RESULTS

Computer simulations were conducted to test the present BEM-
based CP imaging algorithms. A concentric three-shell sphere head
model [23] was employed because of the availability of the analytic
solution of potential fields. In the three-shell sphere model, the values
of radii were taken as 1.0, 0.92, and 0.87, respectively. The value
of conductivity ratio is taken as 1/80. Each surface of the three-shell
sphere was discretized uniformly into 1280 TE’s. The forward matrix
T13 was calculated according to (5)–(14).
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(a)

(b)

Fig. 4. The accuracy of the numerical forward solution. The horizontal axis
refers to the eccentricity of the dipole sources and the vertical axis refers to
the relative error: (a) radial dipole sources and (b) tangential dipole sources.
See text for details.

It is of importance to construct the TM with high accuracy from
the CP’s to the SP’s, when the skull low-conductivity region is
considered. The numerical accuracy of the present forward BEM
algorithm was evaluated. Fig. 4 shows relative errors (RE’s) of
the numerical forward solutions (as compared with the analytical
solutions) for the concentric three-shell sphere head model. The
horizontal axis refers to the eccentricity of the dipole sources and
the vertical axis refers to the RE between the TM-based numerical
forward solution and the analytical SP generated directly by the
two current dipole sources. The two dipole sources were located at
(�r � sin(�=4); 0; r � cos(�=4)) with varying eccentricityr. The
dipoles were either oriented (both) radially [Fig. 4(a)] or (both)
tangentially [Fig. 4(b)]. Rectangles and triangles refer to the results
obtained by using the present numerical algorithm and obtained by
applying Barr’s algorithm [19] to the three-shell inhomogeneous head
model. Fig. 4 clearly demonstrates that the present BEM algorithm
can achieve high numerical accuracy in constructing the TM even
if the low-conductivity skull inhomogeneity is considered. It is
valuable to note that the adaptive numerical algorithm described
in Section II-B plays an important role in achieving this numerical
accuracy. Simple application of Barr’s algorithm [19], which was
developed for a homogeneous VC, to the three-shell inhomogeneous
head model, does not lead to satisfactory numerical accuracy in
computing the SP’s from the CP’s.

Different electrode configurations—640 electrodes, 310 electrodes,
128 electrodes, and 65 electrodes located uniformly over the upper

Fig. 5. Effect of scalp electrode numbers on the present cortical-potential
imaging. The horizontal axis refers to the number of electrodes, and the
vertical axis refers to the relative error. The results obtained by using
all-sphere 1280 electrodes are also shown to serve as a reference. Different
electrode configurations—640 electrodes, 310 electrodes, 128 electrodes, and
65 electrodes located uniformly over the upper hemisphere, were employed
in the simulation, in which 10% GWN was added to the scalp potentials.

hemisphere, were employed in the simulation to test the present
imaging algorithm. Fig. 5 shows the RE for different electrode
systems compared to the all-sphere 1280 electrode system when
10% Gaussian white noise (GWN) was considered. (The noise level
is defined as the ratio of the standard deviation of noise and the
root of the power of the SP. Ten trials of GWN distributions
were simulated and the results presented here are the averaged
values over these trials.) The locations of the dipole sources are
(�0:65 � sin(�=4); 0; 0:65 � cos(�=4)). The horizontal axis refers
to the number of electrodes, and the vertical axis refers to the RE.
Rectangles and triangles refer to the radial and tangential dipoles,
respectively. The dipoles were both radially or tangentially oriented.
The RE’s refer to the error between the estimated CP and the
analytical CP. In this simulation, the subvector� of the U1, which
consists of 640, 310, 128, or 65 (or 1280) potentials over the scalp,
was used. Fig. 5 demonstrates the applicability of the present BEM-
based CP imaging approach to a practical environment, in which the
number of electrodes is limited.

IV. DISCUSSION

The present study demonstrates that one candirectly estimate the
CP’s from the SP’s in a realistically shaped inhomogeneous head
model by means of the BEM. Barr’s algorithm has previously been
applied to relate the CP’s with the SP’s in a homogeneous head VC
[6]. The inclusion of the significant low-conductivity inhomogeneity
in the head model necessitates the development of the present
adaptive numerical algorithm in order to achieve high precision in
constructing the forward TM.

Theoretically, the potential field at the cortical surface is uniquely
specified by the SP field. The electrical characteristics of the brain
tissue have no role in this method. Compared to the fine work
of BEM-based indirect method of estimating CP’s [11], which is
based on the isolated problem approach [24], there is no need in the
present approach to model the electrically activated brain regions by
current dipoles. The present approach is based only on the scalp EEG
measurement, the geometry measurement and the conductivity ratio
between the scalp and the skull. Previously, the finite element method
has been elegantly applied to estimate the CP’s from the SP’s [5],
[7]. However, use of the BEM represents significant cost reduction in
computation, while concurrently accounting for the realistic geometry
of the head and the significant inhomogeneity such as the skull. The
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effect of the CSF could also be incorporated by applying the present
numerical algorithm to a four-shell VC model.

The numerical algorithm developed in the present work provides
a new means of linking the CP’s with the SP’s with high accuracy,
when a thin low-conductivity skull layer exists. It is uniquely different
from the well-known isolated program approach [24], which treats the
numerical calculation of the SP’s due to assumed dipole sources in
the brain. The present adaptive algorithm improves substantially the
numerical accuracy of the forward solution of the SP’s from the CP’s
when a thin low-conductivity skull layer exists. Introduction of the
use of linear interpolation of the potential over the SE’s shall further
improve the numerical accuracy of the forward TM linking the CP’s
and SP’s.

The inversion of the transfer matrix has been achieved by applying
the concept of the general inverse. Similar to other deconvolution
methods, noise in the SP measurements is a main factor affecting the
inverse results. Truncated SVD procedures are used to implement the
noise-suppression functions. The discrepancy principle [22] is used
to obtain a reasonable estimate of the CP’s under realistic noise.
The inversion of the TM can also be realized by considering the
constrained inverse problem via regularization schemes.

In summary, the present BEM approach provides a highly accurate
direct means to link the CP’s and the SP’s, taking both the head
geometry and skull conductivity inhomogeneity into consideration.
Due to the flexibility and efficiency of the BEM algorithm, the present
approach provides a promising means to further our capability of
estimating cortical potentials noninvasively.
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